
MA387 Real Analysis WPR II (Sample Problems)
United States Military Academy

April 15, 2008

Instructions: You have 55 minutes to complete the sections on this exam. You
may use the provided glossary, but no other references. Proofs should be written in
sentence format and in logical order.

1. Prove, directly from the definition of a closed set, that the union of two closed sets is closed.

2. Suppose that Si is a nested decreasing collection of sets: S1 ⊃ S2 ⊃ · · ·, and limn→∞ diam(Sn) = 0. Construct
a sequence (xn) by letting xn ∈ Sn. Prove that if the sequence is contained in a complete metric space, then it must
converge.

3. Let f : Q → R be a continuous function from the rationals to the real numbers. When is the image of f
connected?

4. Let A + B = {a + b : a ∈ A, b ∈ B}, where A,B are subsets of R. Show that if both A and B are open, then
A+B is open (use the definition of an open set).

5. Let S consist of all line segments between points of the form (− 1
n ,

1
n ) and ( 1

n ,
1
n ) for n ≥ 1. The figure below

shows the first several such segments. Is S open, closed, or neither? Is S compact? What are the interior, closure,
and boundary of S?

6. Let S consist of the circles of radius 1
n centered at (0, 1

n ) for n ≥ 1, together with “every other” space between
the circles. Several iterations of this is shown below. Is S open, closed, or neither? Is S compact? What are the
interior, closure, and boundary of S?
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7. Here is the definition of uniform convergence:

A set of functions fn is said to converge uniformly on a domain D
if for every ε > 0 there exists N ∈ N such that for all n > N and
for all x ∈ D, d(fn(x), f(x)) < ε, where f(x) is the pointwise limit
of (fn), that is f(x) = limn→∞ fn(x).

A major theorem says that if fn are continuous and converge uniformly to f , then f is also continuous. (i) Sketch
the sequence of functions fn(x) = xn on the domain [0, 1], and find its pointwise limit on this domain. (ii) Explain
why fn cannot converge uniformly.

8. Let D be the unit square (the subset [0, 1]× [0, 1] of the Euclidean plane R2), and let f : D → R2 be a continuous
function from D to the plane. (i) Explain why there is some d ∈ R such that |f(v)| < d for all v ∈ D; (ii) Explain
why there is no line in the plane such that part of the image of f is on one side of the line, and part of the image is
on the other side of the line; (iii) Let S ⊂ R2 be an open disk. What can you say about the inverse image of S?

9. Give an example of a noncompact subset of R which is closed and unbounded. Give an example of a noncom-
pact subset which is not closed but bounded. In each case, provide an example of a sequence with no convergent
subsequence.

10. The following function is not continuous:

3

3

Find (i) a connected subset S ⊂ R for which f(S) is disconnected, (ii) a compact subset T ⊂ R for which f(T ) is
not compact.
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