
MA387 Real Analysis Lesson 18 (Compactness)

The closed interval [a, b] is compact

March 4, 2008

We begin with some warmup questions:

1. A subset S of a metric space X is compact if for every...

2. A subset S of a metric space X is not compact if there exists...

3. We haven’t proven it yet, but in Euclidean space (Rn), a subset is compact if and only if it is and
. This is the Theorem. This is what you should think of intuitively.

4. Why is a single point a compact set?

Now we describe how to decide if a given point is the limit of a given subsequence.

5. Given a sequence (xn) in a metric space X, prove that if a point x ∈ X is a limit of some subsequence of (xn),
then for every ε > 0 there are infinitely many xn in the ε-neighborhood of x.

6. Given the same scenario, prove the converse: if for every ε > 0 there are infinitely many xn in the ε-neighborhood
of x, then the point x ∈ X is a limit of some subsequence. (Hint: show how to explicitly construct the sequence.)
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Now consider the set [a, b]. We want to prove that its compact, that is, every sequence (xn) of points in [a, b] has
a convergent subsequence. By the statements above, we want to find a point in [a, b] such that any ε neighborhood
of that point contains infinitely many elements of the sequence. But how do we go about finding such a point? The
answer is to return to an important property of real numbers that we looked at in Chapter 1.

7. Write down the notation for the set of points in [a, b] which contain infinitely many points of the sequence (xn)
to the left of the point.

A =
{ }

8. We can prove that the l = of the set is a limit point of a subsequence, using a proof by
contradiction. We first suppose that there exists ε > 0 such that...

9. As in chapter 1, we will contradict the defining property of l under this assumption. Complete the proof.
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